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Abstract. This paper explores the problem of quantum measurement complexity. In computability 
theory, the complexity of a problem is determined by how long it takes an effective algorithm to solve it. 
This complexity may be compared to the difficulty for a hypothetical oracle machine, the output of which 
may be verified by a computable function but cannot be simulated on a physical machine. We define a 
quantum oracle machine for measurements as one that can determine the state by examining a single 
copy. The complexity of measurement for a realizable machine will then be respect to the number of 
copies of the state that needs to be examined. A quantum oracle cannot perform simultaneous exact 
measurement of conjugate variables, although approximate measurement may be performed as 
circumscribed by the Heisenberg uncertainty relations. When considering the measurement of a variable, 
there might be residual uncertainty if the number of copies of the variable is limited. Specifically, we 
examine the quantum measurement complexity of linear polarization of photons that is used in several 
quantum cryptography schemes and we present a relation using information theoretic arguments. The idea 
of quantum measurement complexity is likely to find uses in measurements in biological systems. 
Introduction 
In computer science, an oracle machine is an abstract machine for decision problems [1]. Like 
the oracle of Greek mythology, it is able to decide a decision problem in a single operation. It 
may be visualized as a black box the practicality of whose implementation is of no concern. 
There are two kinds of oracle: the exact one, and the one that gives its response in a probabilistic 
manner.  
 
The computational problem that is solved in one step by an oracle may require several steps to 
solve if an algorithm is used. If the computational effort to solve the problem increases as a 
polynomial in the size of the problem, the problem is said to belong to the class P. Another way 
to look at an oracle is as a nondeterministic polynomial algorithm that solves the decision 
problem in a single step. Problems solved by such an oracle based procedure are said to belong 
to the class NP; thus the class P is the set of problems that can be solved in polynomial time by 
an algorithm without the use of an oracle. One of the fundamental unsolved problems of 
computer science is whether P=NP.  
 
There exists a theory of quantum computational complexity [2] which deals with the class of 
decision problems solvable by a quantum computer. For example the class BQP represents 
decision problems solvable by a quantum computer in polynomial time with an error probability 
that is at most 1/3. The theory of quantum computational complexity deals with the circuit model 
of quantum computation (for issues of implementation of the circuit model [3]-[5]) that does not 
concern us here. Our concern is with quantum measurement and not computation. 
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The process of measurement is subject to noise, measurement errors, and other kinds of 
uncertainty. When considering the quantum mechanical framework one usually speaks of the 
uncertainty in the simultaneous accuracy in the measurement of conjugate variables and the 
randomness associated with the collapse of the wavefunction upon measurement [6]. There is 
additional uncertainty that needs to be taken into consideration when accounting for interaction 
of the system with the environment and this is generally labeled decoherence or quantum noise. 
In certain formulations, the collapse of the wavefunction is viewed as an outcome of the 
interaction between the primary quantum system and the environment, which is viewed as 
another quantum system [7].  
 
An effective measurement may be defined as a value that is correct to within prespecified 
uncertainty. We can use the perspective of the oracle machine to examine this problem. Given 
the measurement of one of the conjugate variables, not even an oracle can determine the other 
variable exactly since a quantum state cannot be simultaneous eigenstate of both the variables. If 
the variables are not conjugate, the oracle can provide us values of both. On the other hand, there 
can be non-conjugate variables, where knowledge of one of the variables is essential in 
measurement of the other variable if only to a certain degree of accuracy. 
 
In the orthodox Copenhagen interpretation (CI) of quantum mechanics [6],[8], the wavefunction 
represents the observer’s knowledge of the system. This epistemic view is to be contrasted from 
the ontic view [9] that the wavefunction is the reality itself. The ontic view, which is often put 
under the rubric of the many worlds interpretation (MWI), cannot explain why in a universe 
characterized by its own wavefunction, different subsystems arise that cause increase in 
information by the process of mutual interaction. In CI, the observer is viewed as apart from the 
quantum system, and therefore measurement represents the action of the sentient agent [10] and 
thus the quantum mechanical postulate about the collapse of the wavefunction is somehow 
related to the nature of the cognitive process.  
 
Since the conclusion of the measurement process is in terms of classical variables, quantum 
theory itself has within it the bridge to tie it to classical mechanics. Furthermore, when cognitive 
processes are brought into the picture, the question on limits on observability and computability 
arise [11]-[13]. There is additionally the question of the philosophical significance of the process 
of observation on the evolution of the system as in the Quantum Zeno effect [14]. 
 
If one were to push the line of reasoning associated with the existence of conscious agents to its 
logical conclusion, then one might wonder about the relationship the indubitable nonlocality of 
quantum phenomena, as represented for example by entanglement, has with the fact that the 
cognitive process concludes with a definite value. It was recently proposed [15] that the classical 
cognitive processes place a veil on the nonlocality of the quantum reality. The question that 
arises then is whether such veiling also leads to uncertainty, and if so whether it is of different 
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form than the types mentioned earlier in this section. This paper does not consider these 
philosophical issues related to uncertainty.  
 
Here we are concerned with quantum measurement complexity in the limited context of 
polarization of photons. The polarization and changes in polarization of a propagating 
electromagnetic wave are described by the Poincaré sphere where each polarization state 
corresponds to a unique point on the sphere. The polarization properties of light are also 
described by the classical Stokes parameters whereas quantum Stokes parameters provide 
operator representations of the polarization for use in quantum optics. The operators satisfy 
commutation relations and the variances of the Stokes parameters are governed by uncertainty 
relations [16],[17].  But polarization is not in a conjugate relationship with the count of photons, 
therefore polarization should be determinable by an oracle. 
 
The points on the equator of the sphere indicate linear polarizations and the two poles represent 
left and right-hand circularly polarized light; all other points on the sphere represent elliptical 
polarization states. An arbitrarily chosen point H on the equator designates horizontal linear 
polarization, and the diametrically opposite point V designates vertical linear polarization. In 
quantum cryptography schemes, the number of photons and polarization are critical variables 
[18],[19]. The original description of the BB84 protocol was based on the use of polarization 
although that is not used in current implementations [20]. 
 
In many laboratory settings heralded photons are used to generate single photons [21],[22]. 
These photons are generated using parametric down-conversion. But these photons come with 
uncertainty related to time of arrival and the actual polarization value until such time the 
heralded photon is measured to determine the polarization of its twin. Furthermore, the most 
efficient implementations provide a measurement only 84% of the time [23]. Therefore, the joint 
uncertainty related to both the entangled particles is much higher than indicated by the 
uncertainty limits being considered here. 
 
The complexity of measurement in polarization-based cryptography applications is an important 
measure of security [24]-[26]. In this paper we derive a number-polarization uncertainty relation 
based on information theoretic considerations. If we adopt the positivist interpretation that in 
most situations the wavefunction represents the knowledge of the state rather than some existing 
reality, the derived relation may be of importance in other quantum information situations. 
Oracle machines 
The oracle machine, conceived of as a “black box” that produces a solution to a given 
computational problem, may be viewed as solving either a decision problem or a function 
mapping. The oracle is a set X, X ⊆ Σ* where Σ* is the set of all finite bit strings. When fed a 
string x ∈ Σ* (the query), the oracle returns a ‘1’ if x ∈ X and ‘0’ otherwise. Let the function 
problem be represented by a function f from natural numbers (or strings) to natural numbers (or 
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strings). An instance of the problem is an input x for f and the solution produced by the oracle is 
the value f(x). 
For a quantum query, x, let y be the single bit answer to the query whether x belongs to a certain 
set X. In other words, f(x) = 1 if x ∈ X and f(x) = 0 otherwise. The quantum oracle [27] is a 
unitary transformation, U, so that )(,0, 0, xfxexU xiφ→ . Owing to unitarity, it follows that 
2mod1)(,1, 1, +→ xfxexU xiφ . Quantum oracles that perform function mapping can be 
similarly visualized. 
We can speak of two types of quantum measurement oracles depending on whether it outputs a 
precise number or if it is probabilistic, that is it provides the response in terms of a probability 
distribution. The oracle that outputs the precise value can be considered to be a special case of 
the probabilistic oracle where the standard deviation is zero. Clearly the measurement power (in 
terms of the capacity to obtain information) of the precise and the probabilistic oracles will be 
different. The exact value oracle cannot deal with conjugate variables, whereas the probabilistic 
oracle can so long as the measurements are governed by the uncertainty relations. 
One may look at the measurement process as a game between the preparer of quantum states in 
the laboratory and the oracle or the recipient machine to whom the quantum states are 
transmitted. For the problem of the measurement of polarization the variables of interest are 
photon number and polarization. The purpose of the game is to use as few photons as is 
necessary to determine the state.  
When a quantum oracle is used provide the value of polarization, this value can be verified by a 
machine. In principle, only two copies of the state are required: one for the oracle, and the other 
for the verifying machine. In practice, the verifying machine will use m copies to confirm with 
probability m−− 21 that the decision of the oracle was correct. Note that the standard measuring 
instruments such as ones used by the verifying machine cannot determine the polarization in a 
single step. 
 
 
 
 
 
   Figure 1. One-step oracle decision and one-step verification (in principle 
           only two copies of the state are required) 
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The quantum oracle that is able to recognize an unknown quantum state is equivalent to a 
quantum cloner (Figure 2). If the oracle can make one copy of the unknown state, it can make 
any number of copies and these can then be analyzed by the use of tomography. Although, 
perfect cloning is forbidden by quantum mechanics, approximate cloning is possible as was 
shown theoretically by Bužek and Hillery [28] and implemented thereafter. In one proposal a 
single input photon stimulates the emission of additional photons from a source based on 
parametric down-conversion leading to the production of quantum clones with near optimal 
fidelity [29],[30]. Universal quantum cloning machines provide fidelity of 
6
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Figure 2. Quantum oracle as a cloning machine 
 
A state estimator machine, using quantum state tomography, may be used to determine the value 
of the unknown polarization [31],[32]. If ρ  is the density matrix and X, Y, Z are the Pauli 
operators, the single qubit density matrix may be expanded as  
2
)()()()( ZZtrYYtrXXtrItr ρρρρρ +++=  
and this used to estimate the density matrix. 
 
 
 
Figure 3. Multi-step state tomography that requires many copies 
  of the state 
 
The standard deviation of each of these terms for a total of m measurements each is m/1 . 
Basically, the shape of the quantum object is pictured in the phase space using the Wigner 
representation. The Wigner function can be reconstructed from a set of quadrature distributions, 
),( θxpr , that are projections obtained using homodyne detection, by the inverse Radon 
transform: 
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where ℘represents the Cauchy principal value of the integral. The homodyne detection must be 
performed several times on identical photons to gain sufficient statistical information. Such a 
reconstruction of the Wigner function can provide statistical estimates of both the conjugate 
variables [33].  
In general, the complexity of a state estimator will be some function )/1( nf . As ∞→n , the 
estimator becomes equivalent to the quantum oracle. 
It is clear that access to a quantum oracle machine makes it possible to solve problems that 
quantum computers cannot. For example, a quantum oracle can compute the quantum Fourier 
transform which standard quantum circuits can only exploit indirectly [34]. 
If quantum oracles existed current quantum cryptography protocols will fail. Given that the 
existence of a quantum oracle is equivalent to the use of many photons in the same state and 
given the fact that perfect sources that produce single photons do not exist, the case for quantum 
cryptography makes muddled and one needs to go beyond old algorithms. On the other hand, if 
the standard BB84 protocol was used, one could simply transmit the 0s and 1s in conjugate bases 
and they would be received correctly by the receiver assuming there was no interference by the 
eavesdropper and no noise. The fact of such a correct reception could be confirmed by the 
exchange of hash computed by both the parties [35]. The conditions necessary to guarantee 
security would likewise change for the three-stage quantum cryptography protocol. 
Number-phase uncertainty and complexity 
In many quantum computing and cryptography situations it is implicitly assumed that single 
particles are being used. But the localization of single particles with known wavefunction is a 
challenge and one may speak of a complexity function associated with the number of copies of 
the particles that are used in practice. According to the Heisenberg uncertainty principle, for 
conjugate variables A and B  
 
△A△B ≥  ][ BA,
2
1  
 
where .)( 222 AAA −=∆  In the case of position, x,  and momentum, p, the canonical 
commutation relation ipx =],[ implies that 
2

≥∆∆ px . 
 
For a harmonic oscillator with the Hamiltonian 22
2
2
1
2
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m
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Nea iθ= . The phase eigenstate is ne
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1
θθ . This eventually leads to the number-phase 
uncertainty relation: 
 
2
1
≥∆∆ θN  
 
We cannot speak of the value of the phase unless many copies of the object are available.  A 
measurement scheme that allows one to reach the equality would be optimal and one would 
expect it to be associated with the highest level of complexity. 
 
The number-phase relation is of significance in quantum cryptography schemes that use phase 
coding although in many such schemes it is not the phase but rather the difference in phase that 
carries the encrypted information. Certain quantum cryptography schemes require only single 
photons to be sent that brings about implementation issues owing to the time-energy uncertainty 
relations [36]. Since weak light sources produce stream of photons that are given by the Poisson 
distribution, the presence of a single photon in the time window of interest can only be 
guaranteed probabilistically. This is also related to the initialization of the quantum state in the 
quantum information scheme [37],[38]. 
Number-polarization complexity 
The consideration of number polarization uncertainty is motivated by questions regarding the 
nature of the photon and the amount of information it can carry. Photons carry both spin and 
orbital angular momentum (OAM). The spin is associated with polarization and the OAM with 
the azimuthal phase of the complex electric field. A photon with azimuthal phase dependence of 
the form φile carries OAM equal to l . Whereas a photon can at most carry one bit of 
information in its polarization, the infinite number of orthogonal states of OAM means that there 
is no limit on the number of bits that can be carried by a single photon [39],[40]. 
 
In quantum fields polarization is determined in terms of the mean values of the Stokes operators 
which satisfy spin algebra. One can, thereupon, use tomography on the Stokes operators and 
measure uncertainty in the polarization value related to the number of photons. 
 
Here we consider the special case of coherent photons that are linearly polarized as in the 
aforementioned cryptography applications. The Stokes operators satisfy the commutation 
relations: 
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kijkji SiSS ε2],[ = ,  i, j, k = 1, 2, 3 
 
Let the given photons be in an unknown coherent state: 
 
VH βαϕ +=  
 
where H  represents a horizontally polarized state and V  represents a vertically polarized 
state. The Stokes parameters are then simply: 
 
ββαα **0 +=S ; ββαα
**
1 −=S  
**
2 αββα +=S ; )(
**
3 αββα −−= iS  
 
Note that 0S commutes with the other iS . Since 0S  represents the number of photons, this implies 
that the knowledge of this number should not have an impact in our determination of the 
polarization of the photons. 
 
Now we turn the problem around and consider polarization from the perspective of measurement 
or tomography. Given an unknown state, it can obviously not be determined given a single copy 
of the state. Let the accuracy of the polarization angle of the photons is Δk which may be seen as 
the size of a bin on the equator of the Poincaré sphere.  
 
We need to consider only half the equator for say horizontal polarization, that is a total of π , 
since the rest of the equator will be defined by the vertical polarization. Over this range we can 
choose  2m  bins of accuracy. The accuracy of Δk, which represents the angle of each bin, 
corresponds to a total of 
k∆
π
= 2m bins on the half-equator of the Poincaré sphere. 
 
We assume that the photons can be in any of the 
k∆
π
= 2m bins with equal probability, which 
represents the case that corresponds to the most uncertainty. These m bins may be compared to 
the characteristics of a probabilistic oracle. Since the variables are not conjugate we need not 
consider least-variance distributions such as the von Mises distribution on the circle [41]. 
 
From an information theoretic point of view, we need m photons to distinguish between  2m 
possible states using a divide-and-conquer strategy. Therefore, to obtain the stated accuracy of 
Δp, the number of photons, m,  should be taken to be ΔN. This means that 
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When m=1, the uncertainty relation is: 
 
2
π
≈∆∆ kN  
 
As ,∞→m the uncertainty goes to zero. 
 
It is possible that the above heuristic considerations over-estimated the uncertainty and the actual 
result should be: 
 
2
1
≥∆∆ kN  
If not, this would be another differentiator between classical and quantum states in the style of 
Bell inequalities [42],[43]. 
 
An interesting problem to investigate is to determine the complexity of operations associated 
with the measurement of polarization computed with respect to both the number of copies 
examined and the computations performed to compute the result. 
 
Measurement complexity in biological systems 
The idea of quantum oracle can also be helpful in studying the measurement complexity of 
biological systems in which quantum mechanics is increasingly seen to play a direct or indirect 
role.  Quantum mechanics has been invoked to explain photosynthesis [44], olfaction [45], vision 
[46], long-range electron transfer [47], and bird navigation [48], and memory [49],[50]. For 
example, quantum coherence persists in photosynthesis in spite of the molecular noise present in 
the cells. Dissipative structures can support quantum effects associated with virtual particles. 
Macromolecule vibrations create quasiparticles and therefore quantum effects associated with 
such quasiparticles are contingent on specific macro-structures [51],[52]. 
Further studies of these examples of quantum processing [53] will need to go from understanding 
of the basic processes to determining is such processing can also be put in different classes in 
terms of measurement complexity.  
It is plausible that the quantumness of certain variables in the biological domain has not been 
identified due to the high complexity of the measurement process. 
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Conclusions 
This paper explores the idea of quantum measurement complexity. It began by speaking of 
oracles in the context of effective measurement of a variable based on the number of copies that 
are being considered. To consider the ideal case, we defined the quantum measurement oracle in 
analogy with the classical oracle in that it can estimate an unknown state.  
 
Simultaneous exact measurement of conjugate variables cannot be performed by a quantum 
oracle, although approximate measurement may be performed. A quantum oracle makes it 
possible to perform cloning which means that a quantum machine that uses oracles is equivalent 
to the use of several photons rather than a single one for each qubit.  
 
In the actual measurement of variables that are not conjugate, one may speak of uncertainty 
associated with the measurement of unknown value. Linear polarization of photons is used in 
several quantum cryptography schemes and, therefore, an uncertainty relation concerning 
polarization is of interest. A more refined number-polarization uncertainty relation, together with 
a corresponding algorithm to obtain optimal estimate, can help determine bounds on the number 
of photons that can be used in multi-photon quantum cryptography to guarantee a certain level of 
security. Such a study can also include tomography of hyper-entangled photons [54]. Another 
interesting problem is to investigate approximate quantum cloning in examining bounds on the 
photon number polarization relation.  
 
We expect a further examination of quantum measurement complexity to have particular value in 
the study of biological systems. 
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